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Abstract. An improved methodological
approach has been developed for determining the
optimal structural form of a cantilever welded steel
I-beam with variable flange width and web height
under combined loading: uniformly distributed
along the length and an applied concentrated
bending moment at the free end. These steel
structures demonstrate a high efficiency of steel use,
serving as primary load-bearing elements of
canopies over stadium stands.

The structural efficiency is achieved through
redistribution of steel along the length of the
element and over the section height in such a way as
to attain an optimal structural form. The selection of
the optimal configuration is based on numerical
studies focused on determining the rational gradient
of the I-beam’s height variation and selecting the
gradient value of flange width, while satisfying the
strength conditions for each cross-section. It is
assumed that the rational distribution of steel over
the section height corresponds to the optimal ratio
between the flange and web areas according to the
criterion of minimizing steel consumption for each
elementary segment of the beam.

The optimization problem of a conical welded I-
beam under the adopted loading conditions with a
linear variation of flange width and web height is
formulated in the traditional manner as a single-
criterion constrained optimization problem, where
the criterion is the minimization of steel
consumption, and strength constraints in each cross-
section (which depend on the gradients of variation
of flange width and web height under combined
loading) are imposed.

The problem is solved with the aim of complying
with the strength constraints and determining the
limiting values of the gradients of change of web
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height and flange width of the cross section of the
steel I-beam for a generalized loading scheme.

Numerical investigations were carried out to find
the gradients of variation of web height and flange
width based on the criterion of minimizing steel
consumption and satisfying strength constraints in
each cross-section along the length of the structure.

The results obtained show that the optimal
gradient of variation of section height is y»<0,6 for
P1l/My0<2,0, and y<0,5 for P1l/My<1,0.. It has
been established that for P11/M,<0,25 and y:<0,9,
the strength conditions are satisfied for all cross-
sections of the rational structural form of the welded
steel 1-beam. A methodological approach has been
developed for solving problems of this type in a
generalized form.

Keywords: steel structures; stadium coverings;
optimal web height and flange width of a welded I-
beam and their variation gradient; modeling;
numerical studies.

PROBLEM STATEMENT

Spatial cantilever steel structural systems are
predominantly used for canopies over stadium
stands.
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This is due to the functional purpose of
canopies:  protecting  spectators  from
atmospheric precipitation and providing shade
for the stadium seating areas. The cantilever
span of such structures always exceeds 8—10 m,
and the extensive use of these systems
highlights the relevance of the task of
identifying the most steel-efficient main load-
bearing beam structure. The research presented
in this paper continues the author’s previous
works published in [5, 10, 11]. The scientific
novelty lies in the generalization of the problem
formulation in terms of analyzing and
identifying the most rational structural form
under the action of combined loading:
uniformly distributed load and concentrated
loads applied at the free end.

ANALYSIS OF PREVIOUS RESEARCH

In previous research, the author performed
an analysis of methodological approaches for
determining the best structural form of a welded
steel I-beam with variable web height and
flange width under uniformly distributed
loading [1-3, 9-11, 14, 16, 18, 22-24]. It was
shown in [5, 10, 11] that most often the criterion
of minimum material consumption (by a
reduced parameter) [5, 10, 11, 12, 22] and the
criterion of safe long-term performance under
static and seismic loads [19] are used. For
critical structures, the criterion of minimum
steel consumption is combined with the natural
vibration frequencies and the shape of the
variable cross-section [6, 13, 23]. The criterion
of uniform stress (constant stress) in the most
heavily loaded sections is used for investigating
combined steel systems [12, 15]. Works [10,
11, 14, 16, 18, 21, 23, 24], including those with
corrugated web [20] and flexible web sections,
are devoted to finding the optimal height of
constant cross-section beams. This article is a
continuation of research on such structures
previously conducted by the author at the
Department of Metal and Timber Structures of
KNUBA [5, 10, 11].

hy = hofus = ho (1= v ?) bpz = bpofor = byo (1-757)

PURPOSE AND METHODS

The purpose of the research is to determine
the optimal structural form of a conical steel
welded I-beam with linear variation of flange
width and web height according to the criterion
of minimal steel consumption, while satisfying
the strength conditions at each cross-section
along the length of the structure under
combined loading: a uniformly distributed load
and a concentrated vertical transverse force at
the free end.

To achieve the stated objective, the
methodology of Lagrange multipliers is used to
find the optimum of the objective function in
terms of steel consumption, along with the
necessary Kuhn-Tucker conditions for the
optimal solution. The flexibility of the beam’s
web is variable along its length; the flexibility
of the web at the support cross-section is .

Ao = hy/ty.

Local buckling (stability) of the flanges and
web is assumed to be ensured. The dimensions
of the support cross-section, where the
maximum bending moment occurs, are denoted
as (bro), (ho).

The bending moment variation is assumed
according to equation (1).

_ _ % _5 M
Mx,z - x,O(1 l) + Pll(l l)

The flange width (br;) and web height (h;) of
the variable cross-section steel beam vary
linearly along the length of the structure from
the support section to the free end:

bro = bro (1=25) sk, = ho (1-225)

|- is the span of the steel beam.

)

The web thickness is assumed constant (2).
The web slenderness of the beam is variable
along the length; the slenderness of the web at
the support section is given by an expression in

(2) /’La)zhO/ta).

Vb Z

)

z z
frz=Q1 —Yhf)-sz =1 -y 7)-
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The spatial stability of the beam against loss
of stability in the plane of bending is ensured by
out-of-plane bracing.

The optimization problem of the conical
welded I-beam with linear variation in flange
width and web height is formulated as a single-
criterion constrained optimization problem,
where the objective is minimization of steel
consumption [10]. To identify a saddle
(stationary) point, strength constraints in each
cross-section of the structure are imposed.
Since satisfying these strength conditions
requires finding two independent parameters —
the rational distribution of steel along the cross-
section depth and the gradient of cross-section
variation for the flange and web (yn , 1)
according to (2) — the problem is converted to
an unconstrained optimization. Following the
findings in [10] he assumption is made that if
the beam is optimal in each cross-section, then
the entire structure is optimal as well. However,

ISSN 2522-4182

with linear variation of flange width and web
height, the strength constraints take the form of
an equality for the cross-section where the
maximum stress occurs, and inequalities for the
other sections. «The problem is tackled in two
stages: first, using Lagrange multipliers, it was
determined [10], that under linear variation of
flange width and web height, the optimal cross-
sectional geometry satisfies:
2Af,Z = be,ztf = hth} be,Otf = I’lotw - the
area of the two flanges equals the area of the
web, and the variation gradients of flange width
and web height are equal (yn = yo)». In the
second stage, numerical studies determined the
limiting values of the cross-section variation
gradient for the steel I-beam.

The stresses in each cross-section of the steel
I-beam structure are given by

M, 6 + P
0, = ( alsd b 12) 7z < Ry]/c.
t 1—vy,7
' twoho(1 —vn 7)

Taking into account the equality of the web height and flange width variation gradients (yn= yb)

the strength condition can be written in the form:

_Zao Bl oz
My, [(1 DT, l)]

O' =
“ hEtwo

< RyY,.

(1 ~Yn7

Applying the optimality conditions yields

Z
Z)z ( trbro(1 —yp T)
Z

twoho(1 —vn T)

1 4)
+ 6)

2Af, = 2bg ;tr = hyty,; 2bs oty = hot,, the analytical expression:

z
2trbro(1 = ¥n7) B

1-

=
twoho(1 —vn T)

3
— Z =
2t,,0ho(1 — v 7)2

Mx,z + Plz _ R Y
z, (1 1\ Yic 5
tw,oho(1 = vn ])? (7 + g) (5)
Mx,z + Plz R
yYe- (6)
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Equation (6), the last strength condition,
gives a formula for determining the optimal
height of the support section, as for steel I-
beams of constant cross-section. [15]

numerical studies were conducted using the
criterion that the stresses do not exceed the
yield strength of the steel. In other words, the
strength constraints serve as the criterion for

Since, depending on the variation gradient of determining the  cross-section  variation
the cross-section, the strength condition may gradient.
not be satisfied in some sections, analytical and
3M,,+ P,
z2=0-hy = |[-—2—=
2 tw,ORy)/c
z Pl z
. 0D+, a-D) @
zZ x,0 < 1.

Ryye PUY
e [1+Mx,0] (1 yhl

Now the gradient of variation of the web
height and flange width must satisfy an
algebraic inequality:

Pl z
=P+ A=
l [ l Mx,O l ] (8)

<1 ——
Yh = 1 7 [1 N Pl ]
Mx,O
Numerical  studies using analytical

expressions (7) and (8) were carried out to

Zyo

determine the maximum value of the variation
gradient of the web height and flange width for
the conical beam.

He calculation results showed (Fig. 1) that
the optimal gradient of cross-section change at
PI/My,0=1,0 should be considered yn=0,7. With
this topology, the strength conditions are
satisfied in all cross-sections along the length of
the cantilever conical 1-beam structure.

Fig. 1 Ratio of current stress to the design steel strength in a welded steel I-beam with symmetric cross-
section at different gradients of linear variation of web height and flange width (2.52) and at a ratio
of bending moments from external loads PI/Mx,0=1,0: graph 1 - yh<0,5; graph 2 - yh=0,7; graph 3 -

vh=0,8; graph 4 - yh=0,9.

Puc. 1 BigHomeHHS TOTOYHHX HAMPYXKEHb 0 PO3PaXyHKOBOTO OIOPY CTali y 3BapHOMY CTaJCBOMY
JBOTaBPIiB CUMETPUYHOTO MEpepi3y MpH Pi3HUX I'pajie€HTax JiHIAHIA 3MIHHOCTI BUCOTH CTIHKH 1 Ta
nojiuii (2.52) Ta BiIHOIICHH]I MiX 3TMHAJIBHUMH MOMEHTAMH BiJ 30BHIIIHIX 3ycuiib P1/Myo=1,0:
rpagik 1 - yn<0,5; rpadix 2 - y»=0,7; rpadix 3 - y=0,8; rpadik 4 - }»=0,9.

214

ByniBenbHi KOHCTpYKUii. Teopis i npakTuka * 17/2025



With an increase in the ratio of bending
moments from external loads to 2.0, i.e.
PI/My0=2,0 (Fig. 2), the optimal value of the
cross-section variation gradient is yn=0,6. Thus,
it is established that with an increasing

LS5
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influence of the linear distribution of bending
moments from concentrated forces, the flange
width and web height variation gradients
decrease, and the optimal I-beam topology
becomes flatter.

=0,9]

—
\N‘

0,8 1 1,

Fig. 2 Ratio of current stress to the design steel strength in a welded steel 1-beam with symmetric cross-
section at different gradients of linear variation of web height and flange width (2.52) and at a ratio
of bending moments from external loads PI/My=2,0: graph 1 - y»<0,5; graph 2 - y,=0,7; graph 3 -

y»=0,8; graph 4 - y»»=0,9.

Puc. 2 BigHOIIEHHS MOTOYHUX HAMpPYKEHb 0 PO3PAXyHKOBOTO OMOPY CTalli Y 3BAPHOMY CTAIIEBOMY
JIBOTaBPiB CHMETPUIHOTO TIepepi3y MpH pi3HUX TPaJi€HTaX JiHiiHII 3MIHHOCTI BUCOTH CTIHKH i Ta
noyiuii (2.52) Ta BiIHOIICHHI MK 3rHHAIBHUMUA MOMEHTAMU BiJl 30BHIIIHIX 3yciib Pl/Myo=2,0:
rpadik 1 - yr<0,5; rpadik 2 - y»=0,7; rpadik 3 - y»=0,8; rpadik 4 - y»=0,9.

Additional studies were carried out at lower
values of the ratio PlI/Mxo=0.5 (Fig. 3) and
Pl/Myo=0.25 (Fig. 4). The results show that
when the applied load ratio decreases to
Pl/My0= 0.5 (Fig. 3), a more conical structural
form with yn = 0.75 can be considered rational.

)
N
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As the ratio approaches PI/Myo=0.25 (Fig.
4), a sufficiently rapid transition to the optimal
conical beam form occurs: at yn» =0.9, the
strength conditions are satisfied along the entire

length of the structure.

Fig. 3. Ratio of actual stresses to the design steel
strength in a welded steel I-beam with a
symmetrical cross-section under various
gradients of linear variation in web height and
flange width (2.52), and the ratio of bending
moments from external loads PIl/My0=0,5:
curve 1 - y<0,5; curve 2 - »=0,75; curve 3 -
=0,8; curve 4 - y,=0,9
3 BigHOmIEHHS TMOTOYHWUX HANPYKEHb [0
PO3paxyHKOBOTO OIOPY CTajli y 3BapHOMY
CTaJICBOMY ABOTaBPiB CHMETPUYHOTO TIEpepi3y
IIpYU PI3HMX Tpaji€eHTax JiHIHHIA 3MIHHOCTI
BUCOTH CTiHKM 1 Ta momumi (2.52) Ta
BITHONICHHI MDK 3THHAJIBHUMH MOMEHTaMHU
Bil 30BHIilIHIX 3ycwib PI/My0=0,5: rpagix 1 -
7h<0,5; rpadik 2 - yn=0,75; rpadik 3 - yn=0,8;
rpadik 4 - y=0,9.

Puc.
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Fig. 4. Ratio of actual stresses to the design steel strength in a welded steel 1-beam with a symmetrical cross-section
under various gradients of linear variation in web height and flange width (2.52), and the ratio of bending
moments from external loads PI/Myo=0.5: curve 1 - y5 <0.5; curve 2 - y, =0.7; curve 3 - yp = 0.9

Puc.

4 BinHOomIeHHS MOTOYHHUX HANpPYKEHb 0 PO3PAXyHKOBOTO OIOPY CTalli y 3BApHOMY CTaJIEBOMY JBOTaBpIB

CUMETPUYHOIO TIepepi3y MPHU Pi3HHUX TPajieHTaX JIHIAHIA 3MIiHHOCTI BHCOTH CTIHKH 1 Ta moymmi (2.52) Ta
BIZIHOLIICHHI MK 3TMHaJIbHUMH MOMEHTAaMH Bill 30BHIIIHIX 3ycuib PI/My0=0,5: rpadik 1 - y<0,5; rpadik 2 -

yh=0,7; Tpadik 3 - y=0,9.

CONCLUSIONS AND
RECOMMENDATIONS

The results obtained indicate that the rational

gradient of cross-section variation is yn=0,6 for
P1l/My0<2,0 and yn=0,5 for P1l/My<1,0.
A methodological approach for finding the
optimal design of a welded I-beam with
variable cross-section under linear variation of
flange width and web height has been
developed.

A more conical structural form of the I-
beam with yn = 0.75 can be considered a rational
design solution. As the ratio approaches
Pl/Myxo=0.25 (Fig. 4), a sufficiently rapid
transition to the optimal conical form of the
steel I-beam occurs: at yn =0.9, the strength
conditions are satisfied along the entire length
of the structure.
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PAITOHAJIBHI CTAJIEBI
KOHCTPYKIIII HABICIB HAJT
TPUBYHAMM CTAAIOHIB I3

BUKOPUCTAHHAM 3BAPHUX
JABOTABPIB I3 3MIHHOIO HIUPUHOIO
oJiMuI I BUCOTHU CTIHKH

Jhobomup JDKAHOB

AHoTtanis.  Po3poOneno  ymockoHaneHuit
METOAWYHUI MiIXi[ AJs1 BU3HAYCHHS ONTUMAJIBHOT
KOHCTPYKTHBHOT ~(OpPMH  KOHCOJBHOI  3BapHOI
CTaNeBO1 IBOTABPOBOi OAIKH 31 3SMIHHOIO IIUPUHOIO
MOJIMILI T4 BUCOTOIO CTiHKM TPU KOMOIHOBaHOMY
HaBaHTaXEHHI: PIBHOMIPHO pO3IMOAUICHOMY II0
JNOBKHHI ~ Ta  30CEPEIKEHOMY  3THHAILHOMY
MOMEHTI, IPUKJIaJIEHOMY Ha BimsHOMY KiHIl. Taki
CTajeBl KOHCTPYKLii JEMOHCTPYIOTH BHCOKY
e(EeKTHBHICT, BUKOPUCTAHHS CTalli, BHCTYIAIOUH
OCHOBHHMH HECYYHMH €IEMEHTAaMH MTOKPUTTIB HaJl
TpUOYHAMHU CTaTiOHIB.

EdexTuBHICTE  KOHCTPYKLIi  JOCATA€THCA
3aBISIKA  TIEPEPO3IOAUTy CTajdl 1O  JIOBXKHHI
eJIeMEHTa Ta MO BHUCOTI HOINEPEYHOro Mepepizy 3
METOI0 JOCSATHEHHS! ONTHUMAJIBbHOI KOHCTPYKTUBHOI
¢opmu. Iligbip ontumanbHOi  KOHDIrypamii
0a3yeThCs Ha YUCIIOBUX JIOCIIKEHHIX BU3HAYCHHS
PAaIliOHABHOTO TPa/li€eHTa 3MIHHOCTI BUCOTH OaIKu
Ta MiAOOPY 3HAYCHHS TPaIi€HTa IUPUHH TIONHII 3
ypaxyBaHHSIM BUKOHAaHHS YMOB MIIHOCTI IS
KOXHOTO repepizy. BaxkaeTbes, o paiioHaIbHUHI
pO3MOT CcTalli MO BHCOTI Tepepidy BiAmoBimae
ONTUMAJILHOMY CITIBBIJIHOIICHHIO IO MOJIUI 1
CTIHKM 3a KpHUTepieM MiHiMi3allii BUTpaT crajii Ha
KOXKHY €JIeMEHTapHY AUISTHKY OajKu.
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3agauya onTuMmizamii  3BapHOrO  JBOTaBpa
KOHIYHOI (QOpMH TpH TPUHHATHX  yMOBax
HaBaHTaXEHH 3 JTIHIHHOIO 3MIHOIO IIUPUHH TOJIHIT
Ta BHCOTHU CTiHKH CPOPMYJILOBaHA TPAJUIIHHO SIK
OJTHOKpHTEpiaibHA 33Ja9a YMOBHOI ONTUMI3allii, B
AKIl KpUTEPIEM € MiHIMI3alLlisl BUTPAT CTaJli 38 YMOB
MOTPUMAHHS YMOB  MIIIHOCTI Yy  KOXKHOMY
nornepeyHoMy — mepepizi (o  3ajexarb  Bij
TPami€HTIB 3MIHHOCTI IMUPUHHU TIOJUIIl Ta BUCOTH
CTIHKM IPY KOMIUIEKCHOMY HaBaHTa)KEHH1).

3amaga BUPINIYETHCS 3 METOIO JOTPUMAaHHSI
oOMEXeHb YMOB MIIHOCTI Ta BHU3HAYEHHS
TPaHWYHMX 3HAa4YeHb TpaJi€HTa 3MIiHM BHUCOTH
CTIHKH Ta NIMPUHY TIOJIHIII B IOTIEPEIHOMY TIepepisi
CTaJEeBOI ABOTABPOBOi OalKku IS Yy3arajJbHEHOi
cXeMH HaBaHTaxeHHA. IIpoBemeHo  umMCIOBI
JMOCTIDKEHHST  JUIsi ~ BW3HAYCHHS  T'PaJIi€HTIB
3MIHHOCTI BHUCOTH CTIHKHM Ta IIWPWHU TIOJHIN 3a
KpUTEpieM  MiHIMi3alii  BUTpaT cram  Ta
JMIOTPUMAHHS YMOB MIITHOCTI B KOKHOMY Tepepisi
B3JIOBK JIOB)KUHU KOHCTPYKIIii.

OTrpumani  pe3yabTaTd  IMOKa3yloTh, IO
ONTUMAIBHAM TPAJIEHTOM 3MIHHOCTI BHCOTH
nepepizy € yh <0,6 mpu P1l/My0<2,0 ta yn <0,5 npu
P1l/My0<1,0. Bcranosneno, mo npu P1l/My0<0,25
Ta yh <0,9 yMOBH MIIIHOCTI BUKOHYIOTBCS JIJISI BCIiX
nepepiziB  palioHAIbHOI KOHCTPYKTUBHOI (opMH
3BapHOT CTaJeBoi Oanmku. Po3zpobneno
METOJIOJIOTIYHUN TiAXiJ 0 BHPIIICHHS TaKOTO
TUITY 33124 B y3araJbHEHOMY BUTIISII.

KnawuoBi caoBa: craneBi  KOHCTPYKIIIT;
MOKPUTTS CTA[IOHIB; ONTHMAJIbHA BUCOTA CTIHKH Ta
HIMPHHA TIOJMLI 3BapHOTO JBOTaBpa 1 TPAie€HT iX
3MIHHOCTI; MOAEIIOBAHHS, YHCIIOBI JOCIIHKEHHS
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