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Abstract. Punching is one of the possible types
of failure of reinforced concrete structures and
occurs when a concentrated force is applied to slab
slabs through an area commensurate with the height
of the slab. In particular, when columns rest on
transfer slabs, foundation slabs, and others.

Existing methods for calculating the strength of
reinforced concrete slabs under punching are based
on an empirical approach, which does not always
adequately assess the strength of slabs and the
influence of the main factors. At the same time, the
general nature of failure under punching and the
action of shear force on bending elements allows
calculations to be made based on a common model.

This paper presents a design model for the
strength of reinforced concrete slabs under
punching, based on a unified approach to
calculating the strength of reinforced concrete
elements under shear force and punching.

Within the framework of the developed model, the
maximum shear force acting on the slab is determined
as the sum of the maximum shear forces perceived by
two mutually perpendicular beams of variable width. It
is assumed that the beams are loaded with concentrated
forces at a distance from the conditional support equal
to the horizontal projection of the inclined cracks that
form the buckling pyramid. The criterion for beam
failure is considered to be the displacement of concrete
in the compressed zone above the critical inclined
crack, and the internal forces in the inclined section are
taken as the forces in the concrete of the tensile zone,
the compressed zone at the continuation of the inclined
crack, and the forces in the transverse reinforcement.

The obtained dependencies were used to determine
the internal forces at the stage of failure during
punching and the ultimate force perceived by the slab.

As part of the testing of the developed method, a
comparison was made with the design of the slab's
punching resistance using the method that formed the
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basis of Eurocode 2.

The concrete strength class and the ratio of the
length of the load transfer plate to the height of the slab
were taken as variable factors. The concrete strength
varied in the range C20/25...C50/60, the ratio of the load
transfer plate to the slab height varied in the range
asyp/d =0.7...3,0, and the reinforcement ratio varied
in the range o =0.010 and 0.015.

The calculations showed that the developed
method correctly reflects the effect on the strength
of slabs when punching concrete strength and the
relationship between the dimensions of the outer
plate for load transfer and the height of the slab.

Keywords: punching shear; strength; design
model; beams; slab; comparison

PROBLEM STATEMENT AND
ANALYSIS OF PREVIOUS RESEARCH

The failure resulting from punching is the most
dangerous type of failure of reinforced concrete
slabs, as it is fragile in nature and occurs as a
result of the continuous development of
inclined cracks forming a punching pyramid
(Fig. 1, 2).
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Fig.1 Collapsed 4th floor slab at Pipers Car Park, Wolverhampton on 25/03/1997

Photo by Wood J. G.M [1]

Puc.1 PyitHyBaHHS epeKpuTTs 4-TO TIOBEPXY Ha MapKoBsili y Byiasepxammroni 25/1997

Agtop doro Wood J. G.M [1]

a

Fig. 2 Inclined cracks in a slab (a punching pyramid) after a punching shear failure.
Photo by: a - MacGregor, J.G [2]; b- Michael J. L. Egberts [3]

Puc. 2 [Noxuni TpimuHN B TOTI (TTipamifa IpoIaBIOBaHHS) TICISI PYHHYBaHHS [IPH IIPOIABIIOBAaHHi [2,3].
Agrop ¢oto: a- MacGregor, J.G [2];b -Michael J. L. Egberts [3]

Numerous experimental studies have been
devoted to the problem of the resistance of
reinforced concrete slabs to punching,
including tests of column-slab connections [3-
16] and foundation slabs [15,16], including
under long-term [9] and dynamic loading [10].

As a result of experimental studies, the main
patterns of crack formation and failure of
reinforced concrete slabs during punching have
been established, as well as the influence of the
main factors on strength - concrete strength,
ongitudinal and transverse reinforcement
[3,4,6,7,8,11,16,17], concrete types and
aggregate sizes [12, 13].

Based on the experimental data obtained,
design models and methods for calculating the
strength of reinforced concrete slabs under
punching shear were developed [18,19,20],
including the use of the finite element method
[21]. However, these and other methods for
calculating strength, including those used in
regulatory codes [22-25], are far from perfect,
differ from each other [16, 26,27], and consider
flat wvertical sections rather than inclined
sections, along which failure occurs (Fig. 2).

In view of the above, further development of
methods for calculating the strength of
reinforced concrete slabs under punching shear,
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which is the subject of this paper, appears to be
a pressing task from both a scientific and
practical point of view.

The object of research is the strength of
reinforced concrete slabs under punching shear.

The purpose of the work is to develop a
method for calculating the strength of
reinforced concrete elements under punching
based on the actual of crack formation, stress-
strain state, and failure of elements, taking into
account the influence of geometric dimensions,
longitudinal and transverse reinforcement, and
the strength characteristics of concrete and
reinforcement.

MAIN MATERIAL AND
RESULTS OF RESEARCH

Existing methods for calculating the strength
of reinforced concrete slabs under punching,
including those used in regulatory codes [22-
25], do not reflect the actual nature of crack
formation and failure along inclined cracks
with the formation of a punching pyramid (Fig.
1) and are based on calculations using flat
vertical sections rather than failure surfaces.
The latter not always allows to evaluate bearing
capacity of slabs adequately especially in cases
when the dimensions and support and
reinforcement  conditions  differ  from
conventional. At the same time, the similarity
of character of reinforced concrete slabs
destruction under punching shear action and
beams under shear allows to make
computations more precisely on the basis of
general computational model.

Particularity of reinforced concrete beams
resistance to action of shear is availability of
several forms of destruction which take place
while distance a from concentrated load point
to the support is decreasing. For the relative
distance of the concentrated load from the
support a/d >15...2,0 the failure happens
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as a result of concrete crushing in a compressed
zone above a shear crack and, if

1,0..15<al/d <15...2,0, as a result of the

shear (diagonal tension) of concrete in a
compressed zone above a shear crack and, if
1,0<a/d, as a result of concrete crushing in

a inclined strut between the support and the
concentrated load point. In light of above-
stated, the most precision evaluation of
computation of beams strength can be achieved
for creation of design models applying to the
concrete forms of failure.

In [28] the model is reviewed and the
method of computation for case of failure as a
result of crushing of concrete above a shear
crack is developed. For failure of concrete as a
result of crushing in a inclined strut between a
support and a concentrated load point the
known design model of deep beams and corbels
can be used. As of case of failure of beams as a
result of shear of concrete in a compressed zone
above a shear crack up to now an inappropriate
attention was given to creation of similar design
models. At the same time, this form of beams
failure is closest in character to failure of slabs
under punching shear, that allows to conduct
computations of beams and slabs because on
the basis of a common approach.

In light of above-stated, the ultimate shear force
Vs, perceived by a slab under punching shear can
be considered as the sum of ultimate shear v, ; and
Vp,2, received by two perpendicular beams of a
variable wideness (Fig. 3):

Vst = Vo1 + Vi €]

Here beams are considered as loaded by point
concentrated force with distance to a conditional
support equal to length of a sloping cut horizontal
projection forming a pyramid of punching shear.
Thus, the problem of shear computation of a slab
is narrowed to calculation of ultimate shear
received by corresponding beams for in time of
failure as a result of concrete shear of a compressed
zone above a shear crack.
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Fig.3 Representation of a slab in form of perpendicular beams
Puc.3 [IpencraBieHHs MIATH Y BUTIBSI IEPIICHIUKYIISIPHUX O0aI0K

Fig.4 A beam design model (a) and strained state of concrete in compressed zone (b)
Puc.4 Po3paxyHkoBa Mojienb Oaiky (@) Ta Halpy»KeHUH CTaH OETOHY B 30HI CTHUCKY (0)
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Fig. 5 -Design model of the beam ultimate limit state in a slopping section without punching shear
reinforcement (a) and with punching shear reinforcement (b)

Puc.5 Po3zpaxyHkoBa MOJIeNb TPaHUYHOTO CTaHy OAJIKH B IOXWIOMY Tiepepi3i 06e3 ImonepeaHoro apMyBaHHS
(@) 13 nonepeYyHuM apMyBaHHSIM Ha MIPOIABIIIOBAHHS (0)
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The accepted design model of a reinforced
concrete beam during failure as a result of concrete
shear of a compressed zone above a shear crack
shown on Fig. 4 and Fig. 5. For possibility of a
correct applying of the results obtained to
computation of the slab under punching shear, the

case where length of the transfer platform &, of

the concentrated force is commensurable with
height of a beam was considered.

The character of the concrete status in a
compression zone was evaluated in view of, in
terms of the theory of plasticity [29,30], the
problem of action of an axial proportionally
distributed load on a basis of the truncated
concrete wedge. As a result, it is established,
that the stressed status of a concrete wedge in a
plane of loading is characterized by three areas
(Fig. 4b): single axial compression in direction
parallel to the wedge lateral faces (area I) and
bi-axial irregular compression (areas Il and I11).
Here particularities of the compressing for
movement in direction from area | to areas Il
and Il are increase.

Such the character of failure of compressing
stresses allows to come to conclusion that the
top of a shear crack is located on the area |
boundary and the crack itself, as it is established
as a result of numerous experiments, has a strait
linear trajectory. The corresponding design
model of a beam is represented in Fig. 5a,
where as a criterion of the ultimate limit state
the reaching values of tensile strength of

concrete f, inatensioned zone conterminous

to the crack of a sloping section are accepted.

In light of the above-stated assumptions, the
value of crack slope angle « and the height of
concrete in a compressed zone above top of the
crack (Fig. 5a) was accepted as for area | of a
truncated concrete wedge (Fig. 4b).

Within the framework of an exact solution of
the problem of the wedge angle o« is
determined the following formula:

0,5- _
a= O,SaTCCOS(M) (2)

1,5 fec

For concrete of classes C12/15...C50/60 the
angle o changes in the narrow limits: 36,9° ...
37,9% and is close to experimental values of the

10

inclination of the faces of slabs punching shear
pyramid (Fig.2).

Height of a compressed zone of concrete
above a shear crack X, is at the rate of a wedge

in function of sizes of its basis and angle of the
edges. In the case considered, for length of the

platform of the concentrated force transfer a,

and slopping angle @ which is equal to (Fig. 5a):
asup

0 = arctg(ctga + 0,25 -T) 3)

Value X, is about 0,75 of the wedge basis
length and is calculated by (Fig. 5a):

Xg =0,75° 0,5 agyy - sinf =
= 0,375 * agyp * Sinf 4)

Force in a tensed zone of a sloping cut is
calculated as square of a corresponding signal
waveform of stretching stresses by:

Net = Negq + Negp =
= fct 'Act,1 +: fct ' ACt,Z (5)

Where:

Ac¢1- square of concrete of a tensed zone in
the sloping cut of the beam of a variable
wideness formed by plane of the pyramid of
punching shear with the slopping angle within
the limits of the concentrated force transfer
platform wideness (Fig. 5b):

d
Act,l = (m - xa) ) bsup (6)
Acep - the sloping cut of the beam of a
variable wideness formed by plane of the
pyramid of punching shear with the slopping
angle out of the limits of (Fig. 5b):

d d
Actz = (Xq " cOSa + tg_a) : (@ %) (7))

w - coefficient of the signal waveform in a
sloping cut of the beam of a variable wideness
out of the limits of the external load transfer
platform breadth.

ByniBenbHi KOHCTpYKUii. Teopis i npakTuka * 17/2025



For calculation of the force N, by (5) the
signal waveform of tensile stresses in a sloping
cut of the beam was considered as an isosceles
trapezoid with a rectangular site within the
limits of the concentrated force transfer
platform wideness and triangular sites outside
of the site wideness. Such form of the signal
waveform of stresses corresponds to the w
value equal 0,5.

The ultimate shear received by the beam is
derived from an equilibrium equation of a
sloping cut projected on a vertical axe (Fig.5a):

Vy, = 2+ Ny - cosa (8)

If the punching shear reinforcement is
placed, it is taken into account within the limits
of length of the sloping cut tensed zone
horizontal projection (Fig. 5b). Here value of an
ultimate shear is calculated by:

Vpy =2 (Npt - cosa + XAgy, * f) 9

where XA, - f,, - vertical force in punching
shear reinforcement located within the limits of
a sloping cut on length:

low = (———x4) - cosa (10)

To verify the accuracy of the developed method
and the correctness of the influence of the main
factors, a comparison was made with the
calculations of the punching shear strength of
unreinforced slabs in accordance with the method
[30], which is based on Eurocode 2 [25].

The concrete strength class and the ratio of the
length of the load transfer plate to the height of the
slab were taken as variable factors. The concrete
strength varied in the range C20/25...C50/60, the
ratio of the load transfer plate to the slab height
varied in the range as,,/d =0.7...3,0, and the
reinforcement ratio varied in the range o =0.010

and 0.015.

The results of the comparison as the
schedules of relations of relative bearing
capacity of the slabs and concrete strength and
relative dimensions of the concentrated force
transfer platform are indicated on Fig. 6.
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The analysis of the results obtained has
allowed to establish the following.

The results of the developed method are
close to the calculations in [31] and correctly
reflect the effect on the strength of slabs when
the concrete strength is punched through (Fig.
6a, 6b) and the relationship between the
dimensions of the external load transfer plate
and the slab height (Fig. 6¢). In this case, the
design is based on [31] gives higher values
strength of slabs, which is increased as the
concentrated force transfer plate dimensions
being increased (if 0 =0,010) from 1...3 % if

8, /0 =0.7up to 28 ... 38 % if A, /d =

3,0. This may be due to the fact that [31]
indirectly takes into account the increase in slab
strength due to the dowel force in the
longitudinal reinforcement by introducing a
longitudinal reinforcement coefficient into the
calculation. Within the framework of the
developed method, the dowel action in the
longitudinal reinforcement of slabs can be
taken into account based on a general approach
to determining transverse forces in the
longitudinal reinforcement of reinforced
concrete elements under shear [32,33].

CONCLUSIONS

The beams model of design of punching
shear forces in reinforced concrete slabs on the
basis the general approach to strength
computation of shear appearing under punching
shear is developed. Within the framework of the
developed method the ultimate shear received
by a slab under punching shear is determined as
the sum of the ultimate shear received by two
perpendicular beams of a variable wideness, see

Fig.3. The ultimate shear force V, perceived
by a slab under punching shear can be
considered as the sum of ultimate shear V,;; and
V,,,, received by two perpendicular beams of a
variable wideness by (2).

11
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Fig.6 Dependence strength of slab under punching shear on concrete strength at asup/d = 0,7 (a) and at
asup /d =20 (b) and relative dimensions of the concentrated force transfer plate (c).
Puc.6 3anexHicTh MIIHOCTI TUIMTH NPY [TPOJIABIIIOBAHHI BiJl MITHOCTI OETOHY MpH asup /d = 0,7 (a) i mpu

asup /d =20 (6) i BimHOCHOTO PO3MIpPY ILIOIIAIKH Iepeaadi 30cepemkeroi cun (C).
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The character of the concrete status in a
compression zone was evaluated in view of, in
terms of the theory of plasticity [29], the problem
of action of an axial proportionally distributed
load on a basis of the truncated concrete wedge,
(Fig.4b). Criterion of the ultimate limit state the
reaching values of tensile strength of concrete

fq in a tensioned zone conterminous to the

crack of a sloping section are accepted (Fig. 5b).
Force in a tensed zone of a sloping cut is
calculated as square of a corresponding signal
waveform of stretching stresses by (5). The
ultimate shear received by the beam is derived
from an equilibrium equation of an a sloping cut
projected on a vertical axe by (8).

The design value of the strength of slabs
under punching shear according to the
developed method is quite close to the results of
the calculation according to [31], which is based
on Eurocode 2 [25], but since the developed
method is based on a general model of the
ultimate state of elements under shear forces
[28] and the theory of plasticity of reinforced
concrete [29,30], unlike empirical relationships
[31], it has broader application prospects.
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MINHICTb 3AJIIBOBETOHHUX
KOHCTPYKNIIU ITPHU
IMPOJABJIFOBAHHI

fOniu KJIIMOB

AnoTanis. [TpoaB1r0BaHHS € OJTHUAM i3 MOYKJIMBUX
BUIIB PYHHYBaHHS 3aJ1i300€TOHHMX KOHCTPYKIIH i
BUHHUKAE TIPH TPUKIAACHHI 30CepemKEHOi CHUIH 0
IUIAT TIEPEKPUTTS depe3 IUIOIILY, CITB PO3MIpHY 3
BUCOTOIO IUTUTH. 30KPEMa, KOJIU KOJIOHU CITUPAFOThCS
TUTATH Ha TIGPEKPUTTS, (DyHAAMEHTHI TUTUTH Ta 1HIIIL.

Received: September 8, 2025.
Accepted: November 30, 2025

16

IcHyroui  merogm  po3paxyHKy — MIIHOCTI
3aJTi300€TOHHHX TUTUT Ha MPOAABIIOBAHHS 0a3ylOThCS
Ha eMITIpUYHOMY TTIXOIi, KU He 3aBKIN aIeKBaTHO
OL[HIOE MILHICTh IUIMT i BIUIMB OCHOBHHUX ()aKTOPiB.
BopHowac 3aranbHuil xapakrtep pyHHYBaHHS IpHU
NPOJIaBIIOBaHHI Ta Jii OTMEPEYHUX CHJI HA 3rUHAJIBHI
€JIEMEHTH JI03BOJIIE IIPOBOIUTH PO3PaxXyHKU HA OCHOBI
3arajibHOI MOJIEII.

V 1iif craTTi TPENCTaBICHO MOMCTH PO3PaxXyHKy
MIIHOCTI 3aJ1i300€TOHHUX TUIAT TIPH TIPOJIABIFOBAHHI
3aCHOBaHy Ha 3aralbHOMY IIIXOMl IO PO3PAXyHKY
MIIHOCTI  3aTi300€TOHHMX  €JIEMEHTIB TpHu i
TIOTIEPEYHOT CHITU Ta MPO/IABIIFOBAHHI.

VY paMkax po3poOsieHoi MoJeNli MakCUMajbHa
noTiepevHa CHjla, U0 i€ Ha TUINTY, BU3HAYAETHCS
AK CyMa MaKCHMaJbHUX IIONEPEYHUX CHJI, IO
CIPUIMAIOTH /1Bl B3a€EMHO MEPIICHANKYIISPHI OaKu
3MIHHOI IMpHHU. BBaxaerbcs, mo Oanku
HaBaHTAXXEHI 30CEPE/PKCHUMU CUJIaMH Ha BiJCTaHi
BiJl YMOBHO{ OMIOPH, IO JOPiBHIOE TOPU3OHTAJIBHIH
NpPOEKIii MOXWINMX TPINMH, SKi YTBOPIOKIOTH
mipaminy npoaaBioBaHHsA. Kpurepiem pydHyBaHHS
0aJKi BBA)KAETHCS 3CYB OCTOHY B CTHCHYTIHM 30HI
HaJ KPUTHYHOIO TIOXHJIOI0 TPIIMIWHOIO, a Y SIKOCTI
BHYTDILIHIX 3yCWIb Yy MOXWIOMY THepepisi
MIPUAMAIOTECS 3yCHILIS B O€TOHI pO3TATHYTOI 30HH,
CTHCHYTOI 30HHU HA MTPOAOBKEHHI MOXHUJIOI TPILLIUHN
1 3yCHJUIA y TIOTIEpEYHIlA apMaTypi.

B sikocrti BapiifioBanux (paktopiB Oynu MpUHAHATI
KJ1ac OCTOHY 3a MIIHICTIO 1 BiTHOILICHHSI TOBKUHU
TUIOLIAIKHU [Tepeaadi 30cepeKEHOT CUIIH 10 BUCOTH
T MilHiCTh O€TOHY BapitoBasiacs B Jiana3oHi
C12/15...C40/50, BigHOIIEHHS PO3MIpiB ILIOMAIKH
10 BHCOTH IUIUTH NPUAMANOCS B Miana3oHi g/
d =0.7...3,0, a xoediuient apmysanns O = 0,010
i p==0,015.

B pesynbprari po3paxyHKiB BCT@HOBJIEHO, IO
PO3pOOIEHHU METO T MPABUIIBHO BiT0Opakae BIUIUB
Ha MIIHICTh TUTUT TPU MPOJABIIFOBAHHI MIITHOCTI
OCTOHY Ta CIIBBIHOIIEHHS MK pPO3MipaMu
30BHIIIHBOI IJTACTHHHU IS Iepeaayi HaBaHTaKEHHS
Ta BUCOTOIO IIUTH.

KarouoBi ciaoBa: mpomaBiOBaHHS; MIITHICTE;

PO3paxyHKOBa MOJIEb; Oanka; IIJINATA;
CIIBCTaBJIECHHSI
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