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AnoTtanisi. J[ocmipKeHHS MPU3MATHYHAX Tl 3
MOCTIHHUMY B3JIOBXK OJIHIET 3 KOOPMHAT MEXaHid-
HUMH 1 T€OMETPUYHUMHU MapaMeTpaMu HAHOUIBII
JIOIIUTFHO TMPOBOJUTH Ha OCHOBI HaIliBAHATITHYHO-
ro meroay ckindeHHux enemenriB (HMCE). Cytp
HOro monArae B MO€JHAHHI CKIHYEHO €JIeMEHTHOI
JMUCKPETH3allii 1 pO3KJIaJCHH] MepeMillleHb B Xapa-
KTePHOMY HAIPSIMKY IO CHCTEMi TPUTOHOMETPHY-
HUX KOOPJMHATHUX (QYHKIIH.

VY pobotax [8, 15] po3pobiieHo BapiaHT HaIiBa-
HAIITUYHOTO METOJY CKIHYCHHUX CJICMEHTIB JUIs
PO3paxyHKy NPU3MATUYHHUX TiT PH BUKOPUCTaHHI
SK CHCTEMH KOOpAMHATHUX (QyHKLiH paniB Pyp’e.
3acTocyBaHHS TPUTOHOMETPUYHUX PSINiB 3a0e3rme-
qy€e MaKCUMaJibHy €(QEeKTHBHICTh HaIliBaHAJIITHY-
HOTO METOAY CKIiHYCHHMX eJIEMEHTIB, OIHAK, Ha
TOPILUIX TijNa BIAETHCS 3aJOBOJILHUTH JIMIIE TPaHU-
YHUM yMOBaM, IO BIAMOBINAIOTh CIHUPAHHIO
00’eKTa Ha a0COIOTHO JKOPCTKY Y CBOTH IUIOLIMHI
Ta THYYKY giadparmy.

B pesynbraTi BUKOHaHHUX JOCIHIJKEHb OTpPHMa-
Hi OCHOBI YSIBJICHHS NIEpEMIILICHb ITOJIIHOMaMH, IO
JTO3BOJISIE 3HAYHO PO3MIMPUTH KOJO TPAHUYHHUX
YMOB Ha TOPILIX Tifla. Y IIbOMY BHUIAJKy 3BECTH
pIIeHHS BUXIIHOI TPOCTOPOBOI KpaioBOi 3amadi
JI0 TIOCJIIIOBHOCTI BOBUMIPHHUX 3aj7ad HE € MOX-
JUBUM, TOMY OCOOJMBOTO 3HadeHHS HalOyBae 00-
IPYHTOBaHWU BHOIp BiIMOBigHUX TodiHOM. Bifm ix
MPAaBHILHOTO BHOOPY 3aJIEKUTH SIK 00OYMOBIIEHICTh
MaTpHlli CHCTEMH PO3AUIBHUX PIBHSAHb 1, OTKE,
301KHICTB IHTerpaiiHuX aJTOPUTMIB i
PO3B’sA3aHHsI, TaK 1 YHIBEpCAIBHICTh MiAXOLY MIOAO0
MOXTMBOCTI 3aJOBOJICHHS PI3HUX BapiaHTIB Tpa-
HUYHHUX YMOB Ha TOPISIX Tija.
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Kirouosi ciioBa. MeTol CKIHUEHUX €JIEMEHTIB
(MCE); HamiBaHaNiTUYHUI METOJ CKIHYEHUX eje-
MeHTiB (HMCE); npu3mMaTHdHMA CKIHIESHUH ene-
MeHT (CE1); MacuBHI; TOHKOCTIHHI MpH3MaTH4HI
Tijla; BEKTOP BY3JIOBUX peakiliii; Koe(imieHTH MaT-
PpHILi YKOPCTKOCTI.

I[TOCTAHOBKA ITPOBJIEMU

3HayHe YHCIIO AOCIIKCHB, TOB’SI3aHUX 3
po3pobxoro 1 3actocyBarnasim HMCE [5, 6, 10,
12, 14, 16, 17, 20, 21, 22, 24], sk npaBwio,
BUKOPHUCTOBYIOTHCSI CITIBBITHOIIEHHS TOHKUX
ob6ononok (B [20] BpaxoBani nedopmarii mo-
MEPEYHOTr0 3CyBY). PO3TIIsIHYTO pi3HI MUTaHHS,
OB’ s13aH1 3 ypaXyBaHHSIM JIOKQJIbHUX BIUTHMBIB
[21], po3paxyHKOM po3ranyKeHuX 1 CKIamo-
Bux cuctem [10, 14, 17, 24], BU3HAYCHHIM
Hanpy)eHo-1e()OPMOBAHOTO CTaHy PEOPUCTHX
000JIOHOK 3MIHHOI TOBIIMHH MPH TEPMOCHIIO-
BOTO HaBaHTakeHHs [12], opieHTali€r0 MiaK-
pirTroe HabOPy KOHCTPYKTHBHO-aHI30TPOITHOT
obosnonku [13]. B [9] 3amporioHoBaHO MeTO-
UKy aHallizy HampyXeHO-Ie(pOpPMOBaHOTO
CTaHy LUKJIIYHO HEOIHOPIAHHUX B KPYTOBOMY
HaTPSMKY 000JIOHOK.

Y poborax, MmO BiI0Opak)arOTh 3aCTOCY-
BaHHS HAaMiBaHAJIITUYHOTO METOAY CKIHYEH-
HUX EJIEMEHTIB 10 PO3pPaxyHKy TiJl 0OepTaHHs
[2,11,18,23,25-27], Bukopucrani TpukytHi CE
3 uniHiitHAM [2,18,26] 1 kBagpatuuHuM [23]
PO3MOALIOM TepeMillleHb, MPAMOKYTHI YOTH-
PBOXBY3JIOBI [25] 1 YOTUPHUKYTHI KPUBOJIHIKWHI
BOCbMUBY3JI0BI [27]. JIOCTOBIpHICTH OTpHMa-
HUX Ha iX OCHOBI PE3yJbTATIB IiITBEPIKECHA
pPO3B’S3aHHAM KOHTPOJBHUX TPHUKIAAIB [23,
25,26]. Po3B’s13aHi TaKoX

KOHKpETHI 3aaa4i mpo npyxkue [11,23,26] i
npyxkHo-tuiactuune  [2,27]  aedopmyBaHHS
psiay 00’ €KTIB.
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Pi3Hi acmekTH po3poOKHM 1 3aCTOCYBaHHS
MiIX0Ty, 3aCHOBAHOTO HAa BUKOPHCTAaHHI YHi-
BEPCAJBHOTO CKIHYEHOTO eJIeMEeHTa, IO JI0-
3BOJISIE JIOCIIKYBAaTH B MPYXKHIN 1 MPY)KHO-
TUTACTUYHIN TOCTAaHOBIII MAaCHBHI 1 TOHKOCTIH-
Hi HE BICECUMETPUYHI HAaBAaHTaXEHI CHIIOBUMU
1 TeMIepaTypHUMH BIUTUBAMH Tijla OOEpTaHHS,
po3risiHyTi B poborax [1,7]. OcHOBHI HpHH-
WU y3araJlbHeHHS  JaHOi  Moamdikarii
HMCE Ha po3B’si3aHHA 3a7ad MPYXKHOTO 1
IUIACTHYHOTO  N1ehOpMYyBaHHSI  IUKIIYHHX
00’€KTiB 31 3MIHHUMHU 10 KPYTOBiif KOOpAUHATI
MEXaHIYHUMH 1 TEOMETPUYHUMU MapamMeTpamMu
BukinazeHi B [3]. [lyonikamii [4,19] npucssue-
Hi peastizallii WX TPUHIMITB CTOCOBHO 3a3Ha-
YEHOT'0 KJIacy 00’ €KTIB.

[IpoBenenuit aHami3 JiTepaTypHUX KEPEI
MOKa3ye, 10 B PO3IJISHYTHX MyONiKalisix He
3HAMIUIM HAJEKHOTO BIAOOPa)KEHHS MUTAHHS,
NOB’s13aHI 13 3aCTOCYBAHHSM HaIlliBaHAJIITHY-
HOTO METOJYy CKIHYEHHUX €JIEMEHTIB J0 PO3-
paxyHKy TOHKOCTIHHHUX NMPU3MATUYHHUX T, B
IPYXHO-TUIACTUYHIM, a MacHBHHUX HaBIiTb B
npyXHiii mocraHoBkax. KpiM Toro BincyTHi
nyOmikamii 3 AaHOrO HampsIMKY, MPUCBAYEHI
pO3po0II yHIBEpCATLHUX MPU3MATUYHHUX KiH-
[IEBUX E€JIEMEHTIB, IO O3BOJSIOTH TOCIIIKY-
BaTM MAaCHBHI, TOHKOCTIHHI 1 KOMOIHOBaHi
KOHCTPYKIIi.

BUBEJAEHHA ®OPMVII JIJIA
OBUYUCJIEHHS BY3JIOBUX PEAKIIIA
TA KOEDIIIEHTIB MATPHUILII
KOPCTKOCTI CKIHYEHOI'O
EJIEMEHTA

[IpeacraBuMo mepeMillieHHsT Y BUTJISI PO-
3KJIaJIaHHS TI0 TTOJIIHOMAaX

Up" M

Bupazumo nepeMilIeHHS qepe3
KOe(IllieHTH 1X PO3KJIANaHHS 33 IMOJIHOMaMH
BimoBiHO 10 (1):
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MOJIiHOMAxX 1 BY3JIOBI peakiii {r} KiHIIEBOT'O

CJICMCHTA.
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Bupazusim nedopmartii gyepe3

[HTErpyrOUH MO X° YHCETBHO, OTPHMYEMO
dbopmyny Uil OOYHMCIICHHS BY3JIOBUX PEaKIiit
NPU3MATUYHOTO  KIHLIEBOTO  €JIeMEeHTa  3i
3MIHHEMH y Tepepisi x° =const MexaHiu
HUMU Ta reoMeTpruuHumu napamerpamu (CE1)
yepes3 Hanpyry:
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KOe(IIIEHTH pPO3KIIQJAaHHS TEpPEeMIllleHb 3a
MOJIIHOMaMHU:
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Bupaszumo nedopmaiii yepe3 koedirieHTH
PO3KJIaIaHHS TIEPEMIIIEHb 32 TTOJIIHOMAMH:
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BMUCHOBKUA

Otpumani popMynau Ui 0OOUHUCICHHS BY3-
JIOBUX PEakIliii Ta KoedIIieHTIB MaTPHII XKOP-
CTKOCTI JO3BOJISIIO BUKOPUCTOBYBATH TSI
MPEACTABICHHS TEPEMIIICHb PI3HI CHUCTEMH
KOOpAWHATHUX (DYHKIIH, MOOymoBaHI Ha OcC-
HOB1 IOJIHOMIB. BinMiHHA 0COOJIMBICTE LUX
CHIBBIJHOIICHB Y IOPIBHIHHI 3 aHAJOTTYHUMH,
BUBEJICHUMU TP BUKOPUCTAHHI ISl TIOAAaHHS
nepemimiens psniB Pyp’e, mondrae B TOMY,
10 HE PIBHI HYJIO KOe(III€EHTH HE TUIBKH Jia-
TOHAJIBHUX, aJe 1 mepudepiiHuX MiaAMaTPUIb i
pIIICHHS] CUCTEM pIiBHSHB, IO OJIEPKYHOTHCS
Ha 1X OCHOBI, MPSMUMHU METOJIAMHU CTAa€ HEJ0-
iTbHUM. J[0 YMHHUKIB, BUBHAYAIBHUX Y Pa3i
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e(pEeKTHUBHICTh  HAMIBAHAJITUYHOTO METONY
CKIHUCHHX EJIEMEHTIB, CTaBISTHCS, HacaMIle-
pen, mpoCTOTa 3aB/IaHHs YMOB 3aKpiIJICHHS Ha
TOPISX TiMa, 1 BeIWYMHA OOCITY OOYMCIIEHb,
00yMOBIIEHa MIBHIKICTIO 301KHOCTI IHTerpa-
[iffHOTO Tpolecy pPO3B’sI3aHHS CHCTEM piB-
HSHb.
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NODAL REACTIONS AND
COEFFICIENTS OF THE STIFFNESS
MATRIX OF AFINITE ELEMENT
BASED ON THE REPRESENTATION OF
DISPLACEMENTS BY POLYNOMIALS

Yurii MAKSYMIUK,
Oleksii SHKRYL,
lvan MARTYNIUK,
Vladyslav BUCHKO

Abstract. The study of prismatic bodies with
constants along one of the coordinates of
mechanical and geometric parameters is most
appropriate to conduct on the basis of the semi-
analytical finite element method (NMSE). Its
essence is a combination of finite element
sampling and decomposition of displacements in
the characteristic direction by a system of
trigonometric coordinate functions.

In [8, 15], a variant of the semivanalytic finite
element method for the calculation of prismatic
bodies when used as a system of coordinate
functions of Fourier series was developed. The use
of trigonometric series provides ~maximum
efficiency of the semi-analytical finite element
method, however, only the boundary conditions
corresponding to the object's support on an
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absolutely rigid in its plane and flexible diaphragm
can be satisfied at the ends of the body.

As a result of the performed researches, the
basis of the representation of displacements by
polynomials is obtained, which allows to
significantly expand the range of boundary
conditions at the ends of the body. In this case, it is
not possible to reduce the solution of the initial
spatial boundary value problem to a sequence of
two-dimensional problems, so a reasonable choice
of appropriate polynomials becomes especially
important.

Both the conditionality of the matrix of the
system of separate equations and, consequently,
the convergence of integration algorithms for its
solution, and the universality of the approach to the
possibility of satisfying different variants of
boundary conditions at the ends of the body
depend on their correct choice.

In addition, the question of methods of
integration in the calculation of the coefficients of
the stiffness matrix of a finite element (CE), which
is quite common, due to the significant complexity
of this procedure.

Keywords. Finite element method (FEM),
semi-analytic finite element method (SFEM),
prismatic finite element (CE1), massive, thin-
walled prismatic bodies, vector of nodal reactions,
stiffness matrix coefficients.
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