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AHoTanisi. B manwmif yac s po3paxyHKy mpoc-
TOPOBHUX KOHCTPYKULiH HaiOIbII HIMPOKO 3acTO-
COBYETBhCSI METOJI CKIHUCHUX EJCMCHTIB, 3HAUYHI
YCIIXH B PO3BUTKY, SKOTO ITOB’SI3aHI 3 TpaIsIMH
BITUM3HSIHUX 1 3apyOiKHHX BYCHHX. B yKpaiHCh-
KHX MyOJiKalisaxX po3mIsiHyTI MPOOJIEeMH TEOpEeTHY-
HOTO OOTPYHTYBaHHS METOJAY CKIHYCHUX CJICMCH-
TiB 1 #OTO 3B’S3KYy 3 IHITUMH METOJIaMH, BUBUYCHI
KOHKDPETHI THUITM CKiHYEHHX EJIEMEHTIB i iX 3acTo-
CYBaHHS JI0 Pi3HUX 3aBIaHb MEXaHIKH CYLIIbHOTO
cepemoBuma. Benmuky yBary NpHIUICHO BHOOPY
BIAMOBIMHOT (DOPMH CKIHUCHOTO €JIeMEHTa, BUAY 1
CTYIIEHSI aPOKCUMYIOUMX (YHKIIIH, a TAKOXK PO3-
pOOIIi METOINKH BUBEICHHS MAaTPHUITh KOPCTKOCTI.

JlocmimKeHHS TPU3MaTHIHHUX TiJ 3 MOCTIHHUMU
B3JIOBXK OJHI€T 3 KOOpIWHAT MEXaHIYHUMH 1 reo-
METPUYHUMH MapaMeTpaMyd HalOUIbII JOLITBHO
MIPOBOJIUTH HAa OCHOBI HAIiBAHAJITHIHOTO METOIY
CKiHUeHHHX eneMeHTiB. CyTh HOro moisrae B 1o-
€IHaHHI CKIHYCHO €JIEMEHTHOI IUCKpeTh3amii i
pPO3KIIalaHHI TIEPEeMINIeHh B XapaKTepHOMY Ha-
NPSMKY TI0 CHCTEMI TPUTOHOMETPUYHUX KOOPJU-
HaTHUX QYHKLIH.

[IpoBenenmii aHami3 JTiTepaTypHUX IKEpeNn I0-
Ka3ye, M0 MUTAaHHS, TOB’sA3aHi 13 3aCTOCYBaHHIM
HaIiBaHATITUYHOTO METOAY CKIHYCHHUX CJICMCH-
TiB JI0 PO3PaxyHKy TOHKOCTIHHUX MPU3MaTHYHUX
TUI, B MPYXHO-TUIACTUYHIN, a MACHBHHUX HAaBITh B
MPYXHIM TOCTAaHOBKAaX, HE 3HAWIUIO HAJICKHOTO
BinoOpakeHHs. Kpim Toro BiacytHi myOmikamii 3
JTAHOTO HAIPSIMKY, TPHUCBAYCHI po3poOIl yHIBEp-
CATbHUX MPU3MATUYHUX CKIHYCHHUX €JIEMEHTIB, 110
JIO3BOJISIIOTH JIOCITIJKYBATH MAaCWBHi, TOHKOCTiHHI
1 komOiHoBaHi KOHCTpyKuii. Hampsim naHoro moc-
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JIHKEHHS TIOJISTae B CTBOPSHHI Ha OCHOBI HaIliBa-
HaJTITHYHOTO METO/AY CKiHYCHHHX CJIEMEHTIB ede-
KTUBHOT'O amapaTy YHCENIbHOTO aHalli3y HaIpyxe-
HO-Ie(hOPMOBAHOTO CTaHy MAaCHBHHX 1 TOHKOCTIH-
HUX JIOBUTHHO HABAaHTKEHUX BIACTUBOCTEH MaTe-
piasy 1 BUpilIeHHS Ha LI OCHOBI PSIy HOBHX
MPaKTUYHO BKIUBHX 32]1a4.
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Tomy B nmaHili poOOTi Ha OCHOBI MOMEHTHOI
CXeMH CKIHYCHUX EJIEMEHTIB BHBEICHI (hOopMyIH
0OUYNCIICHHS BY3JIOBHX PpEAKIid 1 KOeQIIie€HTIB
MaTpHIIl KOPCTKOCTI CKIHUEHOTO eJeMEHTa 3 yce-
pEIHECHUMH MEXaHIYHMUMH 1 TEOMETPUYHUMU TIa-
pameTrpaMu JJisi JOCHIJPKEHHS MacUBHHX, TOHKOC-
TIHHUX 1 KOMOIHOBaHUX KOHCTPYKIIIi.

KurouoBi cjioBa. Meton CKiHYEHHX €EMEHTIB
(MCE); namiBaHATITHIYHUN METOJl CKIHUCHHX eJIe-
mentiB (HMCE); npusmatuunuii ckiHueHH erne-
MeHT (CE2); MacuBHI; TOHKOCTIHHI TPU3MAaTHIHI
TiJIa; BEKTOP BY3JIOBHX peakiliii; koedirieHTH Mat-
PpHILIi KOPCTKOCT.

[TOCTAHOBKA ITPOBJIEMU

3HayHa KIUIBKICTh JOCHTIIKEHD, OB’ I3aHUX
3 po3pobkoto 1 3actocyBanHsiM HMCE, sx
MPaBUJI0, BUKOPHUCTOBYIOTHCS CITIBBiHOIIICH-
HS TOHKHX OOOJIOHOK. Po3risiHyro pi3Hi mH-
TaHHS, TOB’SI3aHI 3 ypaxyBaHHSIM JIOKAIbHUX
BIUIMBIB, PO3PaXyHKOM PO3Tay:KEHUX 1 CKJIa-
JOBUX CHCTEM, BHW3HAUYEHHSIM HaIPYKEHO-
neOpMOBAHOTO CTaHy PEOPHCTUX OOOJOHOK
3MIiHHOi TOBIIMHHU MPH TEPMOCHUIOBOMY HaBa-
HTa)KEHHI, Opi€HTaIli€I0 HAOOPY KOHCTPYKTHB-
HO-aHI30TPOITHOI 00O0JIOHKH.

Y poborax, MmO BiOOpaXarTh 3aCTOCY-
BaHHS HaIMBaHAJIITHYHOTO METOAY CKIHUYEH-
HUX €JIEMEHTIB JI0 pO3paxyHKy TiJl 0OepTaHHS,
BukopucTaHi TpukyTHi CE 3 niHIHHUM 1 KBaJI-
pPaTUYHUM PO3MOAIIOM MEPEMIIeHb, MPSIMO-
KYTHI YOTUPHOXBY3JIOB1 1 YOTUPUKYTHI KPHUBO-
JiHIIHI BOCBMUBY3JIOBI. J[0CTOBIpHICTH OTpH-
MaHHX Ha iX OCHOBI pe3yJbTaTiB MiATBEPIKE-
Ha pO3B’S3aHHAM KOHTPOJBHUX MPHUKIA/IIB.
Po3B’s13aHl Takok KOHKPETHI 3aBIaHHS TpU

0
Ci[kl _ Ci[k[ _ Ci[kl

11 1111
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JamumeMo Ui OEAKOT KOMIIO-
HEHTHU TEH30pa HaIpy>KeHb, HAIIPH-

11
ki1an O , 3akoH ['yka, mpencras-
Jstroun ieopmartii BiipizKoM psiay
Makmnopena BignosigHo [10]:
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MPY’KHOMY 1 MPY>KHO-TIJIACTUIHOMY AehOopMy-
BaHHI psAAY 00’ €KTIB.

Pi3ni acmektu po3poOKHM 1 3aCTOCYBaHHS
MiXOAY, 3aCHOBAHOTO HAa BUKOPHCTAHHS YHi-
BEPCAILHOTO CKIHYEHOTO €JeMEHTa, L0 JO-
3BOJISIE JTOCTIIKYBAaTH B MPYXKHIM 1 MpyXHO-
IUIACTUYHIN ITOCTAHOBIII MAacHBHI 1 TOHKOCTIH-
Hi HE BICECUMETPHYHI HaBaHTAXXECHI CHJIOBUMHU
1 TeMIlepaTypHUMH BILUTUBAMH Tia 0OepTaHHS.
OCHOBHI NPUHIUIU y3arajJbHEHHS JaHOT MO-
mudikarii HMCE nHa po3B’si3aHHs 3a1a4 1Ipy-
KHOTO 1 TUTACTHYHOTO J1e()OpMyBaHHS ITHKJIIY-
HUX 00’€KTIB 31 3MIHHUMH IO OKPYXKHIH KOOpP-
JTUHATI MEXaHIYHUMH 1 TEOMETPHUYHUMU Tapa-
MeTpaMH, TMPHUCBSIYCHI peaiizallii MuX MpUH-
IIUITIB CTOCOBHO 3a3HAYEHOT0 KJIaCy 00’ €KTIB.

[IpucBsiueHe MOCHIKEHHIO TUT O0OEpTaHHS
Ha ocHoBi HMCE, sk cucteMu KOOpAMHATHUX
¢bynaki Bukopuctani psaau Oyp’e. B sxocTi
CHCTEMH KOOPJMHATHUX (YHKILIH MpH J0Cii-
JDKeHHI MPU3MaTHYHUX TOHKOCTIHHHMX KOHC-
TPYKIIH, SK MPaBWIO, 3aCTOCOBYIOTHCS PSIH
®dyp’e 1 6mouni pynkuii [1, 2, 3, 8, 9].

®OPMYJIN JJ19 OBYMCJIEHHS
BVY3JIOBUX PEAKIIII I
KOE®ILIEHTIB MATPHUILII
JKOPCTKOCTI CKIHUEHOI'O
EJIEMEHTA 3 YCEPEJHEHUMU
MEXAHIYHUMU I TEOMETPUYHUMU

IIpuiiMeMo, 110 KOMIIOHEHTH TEH30pa IpY-
KHUX TIOCTIMHUX 1 BUSHAYHMK MATPHIIl, CKJIa-
JIeHOT 3 KOMIIOHEHT METPUYHOTO TeH30pa, He-
3HaYHO 3MIHIOIOTBCS B MEXax IOTEPEYHOTO
repepizy CKIHYEHOTO €JIEMEHTa 1 PiBHI iX 3Ha-
YEeHHSX B LIEHTPI MpeAcTaBiIeHi Ha puc. |
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Puc.1. Ilonepeunuii nepe-
® pi3 CKiHYEHOTO eJle-
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X Fig.1. Cross section of a
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Taki, 10 HE BUKOHYIOTh 3MIHH B €HEprii
nepopmyBaHHS €JIEMEHTA, ySBIMO
HaIpy>KeHHsI BIJPi3KoM psima MakiopeHa:
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[lepelimoBmmn 10 aMIUTITYAHUX 3HAYCHb
BY3JIOBUX MEPEMIIIEHb Ma€EMO:
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CHUCTEMI KOOPJMHAT BHKJIAJCHI B poOoTax [4,

5,6, 7].

ByaniBenbHi kKOHCTPYKLUii. Teopia i npakTuka ¢ 08/2021 105



Al ey
(o Yo

a nedopmariii yepes nepemilieHHs BiAMmoBiaqHo 10 hopmynamu (13):
x3=1 L T g 3 1
Sw = j {z (5 {U}f)([bgl} sin—”(x ! )+zz
o U | ) 2
L 341
(r(x'+1) b3 ([3} I LACGED N
() 2

K HB(:JLSi“M(—f =), (30)

2
[HTerpytoun mno x* B 3aMKHYTOMY BUTJISII, KOoe(ILI€EHTH MaTPHUIll >KOPCTKOCTI [Kt(t)] 1
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=1 0] PMY. .
ae
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BHUCHOBKU

3apnsaku BukopucranHio MCCE otpumani
B IIiil pOOOTI CHIBBIIHOIIEHHS YHIBEPCATHLHOTO
ckinueHoro enementa (CE2) 3abe3neuyroTh
MOXJIMBICTh PO3pPaxyHKY HariBaHATITHIHUM
METOJIOM CKIHYEHHX EJIEMEHTIB SIK MaCHBHHX,
TaKk 1 TOHKOCTIHHMX IOBUIBHO HABaHTAKEHUX
NPU3MATUYHUX TUT CKIanHOI GOopMH 3 ypaxy-
BaHHSM IUIACTUYHUX BJIACTHUBOCTEH MaTepiany

PosrnsiHyTO Apyry Monudikanii mpusMaTu-
yHOro ckinyeHoro enementa (CE2), mopis-
HSIHHS B TIOJIAJIBIIIOMY, SIKHX JTO3BOJISIE OOTpY-
HTYBaTH BHUOIp ONTHUMAaIbHOTO 3 TOYKU 30pYy
JOCSITHEHHST 3a/IaHOi  TOYHOCTI PE3yJIbTATiB
npu MiHIMalbHOMY 00csI31 00UUCIIeHb BapiaH-
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Features of derivation of formulas for
calculation of nodal reactions and
coefficients of matrix of rigidity of a finite
element with averaged mechanical and
geometrical parameters

Yurii Maksymiuk, Andrii Kozak,
Ivan Martyniuk, Oleksandr Maksymiuk
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Summary. Currently, the most widely used
finite element method for the calculation of spatial
structures, significant progress in the development
of which is associated with the work of domestic
and foreign scientists. In Ukrainian publications
the problems of theoretical substantiation of the
finite element method and its connection with
other methods are considered, concrete types of
finite elements and their application to various
problems of mechanics of a continuous
environment are studied. Much attention is paid to
the choice of the appropriate shape of the finite
element, the type and degree of approximating
functions, as well as the development of methods
for deriving stiffness matrices.

The study of prismatic bodies with constants
along one of the coordinates of mechanical and
geometric parameters is most appropriate to carry
out on the basis of the semi-analytical method of
finite elements. Its essence is a combination of
finite element sampling and decomposition of
displacements in the characteristic direction by a
system of trigonometric coordinate functions.

The analysis of the literature shows that the
issues related to the application of the semi-
analytical finite element method to the calculation
of thin-walled prismatic bodies in elastic-plastic,
and massive even in elastic formulations, have not
been properly reflected. In addition, there are no
publications in this areca devoted to the
development of universal prismatic finite elements
that allow you to explore massive, thin-walled and
combined structures.

The direction of this study is to create on the
basis of the semi-analytical method of finite
elements of an effective apparatus for numerical
analysis of the stress-strain state of massive and
thin-walled arbitrarily loaded properties of the
material and solve a number of new practically
important problems. Therefore, in this work, based
on the moment diagram of finite elements,
formulas for calculating nodal reactions and
stiffness matrix coefficients of a finite element
with averaged mechanical and geometric
parameters for the study of massive, thin-walled
and combined structures are derived.

Keywords. finite element method (FEM);
semi-analytical finite element method (SAFEM);
prismatic finite element (PFE); massive; thin-
walled prismatic bodies; vector of nodal reactions,
stiffness matrix coefficients.
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